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Abstract— Improving endurance is important for autonomous
underwater vehicles (AUVs) as it affects the operational cost and
application range of the vehicle. In this article, we propose an
economic model predictive control (EMPC)-based controller to
reduce the control energy of AUVs while performing waypoint
tracking. The proposed EMPC controller optimizes stage costs
capturing the control energy consumed within the prediction
horizon and a terminal cost approximating the energy-to-go,
the energy required to reach the desired waypoint from the
end of the prediction horizon. To approximate the energy-
to-go, we partition it into the dynamic and static segments
based on the operational characteristics of the optimal vehicle
maneuver obtained from off-line trajectory optimization using
direct collocation (DC). To account for the disturbances caused
by ocean currents, we adopt the energy-to-go to a virtual
Earth-fixed frame that transforms the drift in the vehicle
location to the drift in the desired waypoint. Theoretical and
numerical analyses of the approximated energy-to-go reveal that
the proposed controller can balance the tradeoffs among energy
components spent for vehicle surge, heave, and yaw controls in
consideration of vehicle dynamics. Simulations under different
flow conditions are conducted to compare the proposed approach
with DC and a line-of-sight (LOS) guidance-based approach that
optimizes vehicle surge speed for energy minimization. Through
simulations, it is shown that the proposed approach achieves
near-optimal performance as DC and outperforms the LOS-based
approach.
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control-oriented AUV model, economic model predictive control
(EMPC), energy management, energy-efficient maneuver, energy-
optimal control, waypoint tracking.

Manuscript received October 8, 2021; accepted January 5, 2022. Rec-
ommended by Associate Editor E. Zergeroglu. (Corresponding author:
Niankai Yang.)

Niankai Yang and Jing Sun are with the Department of Naval Architecture
and Marine Engineering, University of Michigan, Ann Arbor, MI 48109 USA
(e-mail: ynk@umich.edu; jingsun@umich.edu).

Dongsik Chang was with the Department of Naval Architecture and Marine
Engineering, University of Michigan, Ann Arbor, MI 48109 USA. He is now
with the Collaborative Robotics and Intelligent Systems Institute, Oregon State
University, Corvallis, OR 97331 USA (e-mail: changdo@oregonstate.edu).

Matthew Johnson-Roberson was with the Department of Naval Archi-
tecture and Marine Engineering, University of Michigan, Ann Arbor,
MI 48109 USA. He is now with the Robotics Institute, School of Computer
Science, Carnegie Mellon University, Pittsburgh, PA 15213 USA (e-mail:
mkj@andrew.cmu.edu).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TCST.2022.3143366.

Digital Object Identifier 10.1109/TCST.2022.3143366

a

B

7

B, W
hp()

K, My, N;

Kp7 Mq7 Nr

p.q,r

u,v, w

Uey Ve, We

NOMENCLATURE
Coefficient in the thruster power model.
Control parameter affecting the sharpness of
the turn.

Difference between the desired and present
course directions of the vehicle [rad].

Travel time in the dynamic part of the
energy-to-go [s].

Travel time in the static part of the energy-
to-go [s].

Roll, pitch, and yaw angle in the Earth-fixed
frame [rad].

Variation in the course direction of the vehi-
cle during the dynamic mode [rad].

Vehicle buoyancy and weight [N].

Relationship between thrust and power
consumption.

Moment of inertia around the heave direc-
tion [kg - m?].

Roll, pitch, and yaw added mass [kg -
m? /rad].

Roll, pitch, and yaw damping coefficient
[kg - m?/(s - rad)].

Distance between vertical thrusters and the
midship (i = 1), distance between horizontal
thrusters and the center line of the vehicle
(i = 2), and vertical distance between hor-
izontal thrusters and the vehicle center of
gravity (i = 3) [m].

Vehicle total mass [kg].

Roll, pitch, and yaw rate in the body-fixed
frame [rad/s].

Power for nullifying positive buoyancy (i =
PB) and overcoming surge drag force (i =
SD) [W].

Left (i = 1), right (i = 2), back (i = 3), and
front (i = 4) thruster inputs [N].

Surge, sway, and heave velocity in the
body-fixed frame [m/s].

Ocean current velocity along the surge,
sway, and heave direction [m/s].
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Relative surge, sway, and heave veloc-
ity with reference to the currents in the
body-fixed frame [m/s].

V! Ocean current velocity along the x, y, and z
direction (i = x, y, z) [m/s].

ur,vrawr

X, ¥,2 X, ¥, and z position in the Earth-fixed frame
[m].

Xi, Y, Zy Surge, sway, and heave added mass [kg].

X.,Y,,Z, Surge, sway, and heave damping coefficient

[kg/s].

I. INTRODUCTION

UTONOMOUS underwater vehicles (AUVs) have

advanced and accelerated underwater explorations due to
their ability to operate in hazardous and unstructured environ-
ments [1]. Yet, more than 80% of the underwater areas on the
Earth remain unexplored [2]. One of the major reasons for this
low exploration rate is the limited vehicle endurance, which
restricts the travel range and increases the operational costs
of AUVs. For improved endurance, a wide variety of AUVs
has been developed, e.g., buoyancy-driven vehicles and hybrid
vehicles with both buoyancy- and propeller-driven propulsion
mechanisms. Although buoyancy-driven vehicles (e.g., under-
water gliders) have become central to oceanographic mis-
sions [3], their low maneuverability (e.g., restricted steering
and acceleration) limits their application for tasks, such as
benthic survey and mapping [4]. Extending the endurance of
propeller-driven AUVs for underwater survey and mapping
research remains an active and important research topic, which
will be the focus of this article.

A common approach for improving AUV endurance is
to plan energy-optimal references (e.g., waypoints, paths,
or trajectories) in consideration of ocean currents [S]-[7].
By leveraging the favorable currents while avoiding the
adverse ones [8], the optimized vehicle references reduce
the vehicle operational energy, thereby increasing vehicle
endurance. However, due to the intensive computation of plan-
ning algorithms [9], reference planning is typically performed
based on simplified vehicle models (e.g., kinematic model)
and predicted ocean conditions. Consequently, a reference-
following controller is required to account for the uncertainties
in the vehicle model and ocean currents, and the vehicle energy
efficiency achieved by following the planned reference relies
critically on the energy-saving performance of the reference-
following controller.

To reduce the energy consumed by following the planned
reference, various optimal control approaches were adopted.
For example, the cost function of the model predictive con-
trol (MPC) in [10] and [11] was formulated as a combination
of reference-following error and control efforts to save energy
during AUV horizontal maneuvers. In [12], a linear quadratic
regulator was developed using a cost containing a control
effort term to balance the AUV depth tracking performance
and energy consumption. Reinforcement learning-based strate-
gies were proposed in [13]-[15] to achieve energy-efficient
maneuvers for unmanned surface and aerial vehicles. These
controllers can reduce vehicle energy use by generating thrusts
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that minimize the weighted sum of reference-following error
and control efforts. Nevertheless, constant weighting cannot
accommodate the tradeoff in reference-following performance
and energy consumption under different operational condi-
tions. Consequently, the energy-saving potential of these con-
trollers is not fully explored.

In this article, considering waypoints as the planned refer-
ences, we design an energy-optimal controller for a waypoint
tracking problem. We propose an energy-optimal AUV control
design based on economic model predictive control (EMPC)
that explicitly incorporates the vehicle dynamics, ocean cur-
rents, and reference-following performance into the energy
minimization. In particular, we formulate the terminal cost of
EMPC in terms of the energy required to reach the destina-
tion beyond the prediction horizon, referred to as energy-to-
go. By analyzing the energy-optimal solution obtained from
off-line trajectory optimization using direct collocation (DC),
we partition the energy-to-go into the dynamic and static parts
and parameterize each part with its duration. The effects of
ocean currents on the energy-to-go are further incorporated
by accounting for the drift in vehicle locations due to the
ocean currents. The proposed approach is first compared with
the optimal solution from DC to show its near-optimal perfor-
mance. Then, an extensive comparison is conducted between
the proposed approach and a line-of-sight (LOS) guidance-
based control approach that optimizes vehicle surge speed for
energy minimization based on vehicle kinematics. Simulation
results under various current conditions demonstrate that the
proposed approach could substantially improve energy effi-
ciency.

This article extends our conference articles [16], [17] with
its main contributions given as follows.

1) It presents an energy-optimal control framework that can
optimize vehicle energy by explicitly considering vehicle
dynamics and ocean currents.

2) It provides an approach to formulate the terminal cost
in EMPC for enhanced energy efficiency by leveraging
off-line trajectory optimization solutions.

3) It analyzes the approximated energy-to-go to reveal the
tradeoffs among energy components spent for control-
ling the vehicle motions in different degrees of free-
dom (DOFs) and provides insights for controller design.

The remainder of this article is organized as follows.
Section II introduces the vehicle models and formulates the
energy-optimal control problem of AUVs under currents.
In Section III, DC is applied to address the energy-optimal
control problem. In Section IV, the EMPC design is proposed
with the analysis of its cost function. Section V verifies
the proposed approach with simulation results obtained using
different current conditions. Finally, conclusions and future
work are given in Section VI.

II. BACKGROUND

In this section, we first provide the details of our test-bed
AUV to facilitate the subsequent modeling of the control
authorities and vehicle power consumption. Based on the spec-
ifications of the test-bed AUV, we then introduce a six-DOF
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Fig. 1.

Schematic of DROP-Sphere.

motion model and an experimentally validated power con-
sumption model. Finally, the energy-optimal control problem
of AUVs under ocean currents is formulated.

A. DROP-Sphere Platform

A propeller-driven AUV, DROP-Sphere, developed by the
DROP Lab at the University of Michigan for underwater
benthic optical mapping [18], is adopted for the study in this
article. The vehicle is an open-source and low-cost platform
with an elliptical body of 0.86-m length, 0.43-m width, and
0.25-m height (as shown in Fig. 1). In the middle of the
vehicle, a 0.2-m-diameter borosilicate glass sphere is used to
house electronic equipment, such as the inertial measurement
unit, an embedded computer, batteries, and cameras. For vehi-
cle propulsion, four identical flooded brushless bidirectional
motors with a maximum thrust of 7.86 N each are utilized.
Two horizontal thrusters (T'!, T?) control the surge and yaw
motion of the vehicle, and two vertical ones (73, T#) control
its heave and pitch motion. DROP-Sphere has positive buoy-
ancy, i.e., the vehicle’s buoyancy (B = 201.586 N) exceeds
its weight (W = 200.116 N), which guarantees the recovery
of the vehicle in the case of thruster or battery failures [19].

B. Vehicle Motion Model

To capture the vehicle motion under ocean currents, two
reference frames are used, as shown in Fig. 2. The velocities
v = [u,0,w, p,q,r1" € R and control inputs (7 € R%)
are represented in a body-fixed frame. The positions and
orientations (y = [x,y,z,¢,0, w]T € R®) are given in an
Earth-fixed frame. Assuming that the ocean current is constant
and irrotational, the velocity of ocean currents expressed in the
Earth-fixed frame is denoted as V. = [V, V., V:,0,0,0] €
R®. The velocity of ocean currents in the body-fixed frame
is denoted as v, = [u,, v, we, 0,0,0]7 € RS, which satisfies
V. = J(n)v. with the coordinate transformation matrix J(3) €
R®*®, Then, with reference to the current, the relative velocity
of the vehicle in the body-fixed frame is computed as v, =
v —v. = [u,, v, wr, p,g,r]" € RO

Based on the defined notations, the vehicle kinematic and
dynamic relationships (see [20], [21]) are given as

n=Jmv, + V.
mv, +f.(v,) + v, +f,(n) =71

(1a)
(1b)

Earth-fixed
frame {e}
Body-fixed
/ | X, ¢ frame {b}
y,0 =
z, Y Roll: p

Surge: u,

Heave: w;

Fig. 2. Reference frames and notations.

where m; = m,;, + m, is the vehicle total mass matrix with
matrices of the rigid body mass m,, € R®*® and the added
mass m, € R f.(v,) € RO, f, € R®*°, and f,(n) € RO
represent the Coriolis and centripetal force, the hydrodynamic
damping force, and hydrostatic force matrices, respectively.
The added mass and hydrodynamic damping matrices are
considered as

m, = diag(X;, Y5, Zy, Kp, My, N;)
fh = diag(Xu» Y).Zy,, Kp» Mq» NI)

(2a)
(2b)

where diag(-) denotes a diagonal matrix. X;, Yy, Z;, K;,
M;, and N; are the added mass coefficients, and X,,, Y, Z,,
K,, M,, and N, are the hydrodynamic damping coefficients.
The assumption that the hydrodynamic damping forces and
moments are linear with respect to vehicle relative velocities
generally only holds when the vehicle relative velocities are
low, as in energy-efficient maneuvers when the speed is typi-
cally less than 0.5 m/s to avoid large power consumption [16],
[22].

The control input vector T relates to the DROP-Sphere
thrusts as
-7

T'+7?
0
T34+ T
T= 0 €)
(T'+ T2+ (T° = TH
(T' =T,

where [; is the distance between vertical thrusters and the
midship, [, is the distance between horizontal thrusters and the
center line, and /5 is the vertical distance between horizontal
thrusters and the center of gravity. The pitch moment (7! +
T?)I5 is induced by the misalignment between the horizontal
thrusters and the depth of the vehicle gravity center. For all
the numerical values of the coefficients in the models, see
Appendix 1.

C. Thruster Power Consumption Model

In this work, the thruster propulsion energy is the major
energy consumption for vehicle operation. The following
empirical model captures the power consumed by each thruster

hy(T) = a(T7)?, fori=1,2,3,4 “
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Fig. 3. Validation of the thruster power consumption model.

and the energy consumption is calculated by integrating (4).
The power conversion ratio o = 0.4364 is derived from the
DROP-Sphere experimental data collected at the towing tank
located at the University of Michigan. During the experiment,
two horizontal thrusters were commanded to drive the vehicle
for consecutive straight-line and turning maneuvers in the
horizontal plane. The thrusts and the power consumption
of two horizontal thrusters are measured. The comparison
between the power consumption from the experimental data
and that from the model in (4) is provided in Fig. 3. The mean
absolute error between the true and predicted power is 1.4 W.
As seen in the zoomed-in plot of Fig. 3, the empirical model
can well capture the thruster power consumption except in
extremely high-power regions.

D. Energy-Optimal Control Problem

Consider an underwater exploration mission for an AUV
with a sequence of N,, waypoints, WP = {WP; € R?, | =
0,...,N,}, given by the planning algorithm, where WP; =
(WPJ, WP?) contains the x and y locations of the ith way-
point, and WP, corresponds to the initial location of the
vehicle. All the waypoints are assumed to be at the same
depth as the vehicle initial depth, and the vehicle is initialized
with zero relative velocities and a heading toward WP;. The
energy-optimal control problem is formulated as

Ne—1 4
min J = hp(T{) At (52)
(L)AL (72) é ; (75)
st Xy = far Xk Tki, Ver)s Xo = Xinit (5b)
T <T, Azl =lw—20l <2 (5¢)
el <, 16kl <0 (5d)

YWP; € WP, 3x,,,, wherem; € [0, Nf]

and mo <m; <--- <my,, such that

) 2
\/(xmj - WP)JC) + (ymj - WP?) =< rcoaA (56)

where x = [v,, n] is the states of the vehicle, f;(-) is the
discrete-time vehicle kinematics and dynamics obtained by
discretizing (1) with time step At, {Tki } denotes the input
sequence of the i™ thruster, N ¢ is the total number of time
steps, T is the thruster limit, x,, is the initial condition of
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the vehicle, and rcoa is the radius of the circle of acceptance
(COA). Z, ¢, and @ are the upper bounds of the devia-
tion in depth, roll angle, and pitch angle, respectively, The
constraint (5e) is included to ensure that the vehicle will
sequentially visit all the waypoints by entering the COA of
each waypoint.

For simplicity, we make the following assumptions about the
environment: 1) the vertical velocity component of ocean cur-
rents is negligible compared to the motion of the vehicle [23];
2) the environment is obstacle-free; and 3) the magnitude
of ocean currents is less than the maximum surge speed of
the vehicle to guarantee complete reachability. In the case of
strong currents or the presence of obstacles, the waypoints can
be replanned to ensure the satisfaction of assumptions 2) and
3). In addition, we assume that the knowledge of the vehicle
states and the ocean flow velocity at the vehicle location con-
tains negligible errors, which can be achieved with advanced
sensor fusion algorithms and appropriate sensors [24], [25].

III. GLOBALLY OPTIMIZED VEHICLE MANEUVER
SIMULATION AND ANALYSIS

In this section, we first solve the energy-optimal control
problem formulated in Section II-D using off-line trajectory
optimization. The solution will provide a benchmark for
evaluating the performance of the proposed approach. Then,
we analyze the characteristics of the optimal maneuver to
facilitate the subsequent controller development.

A. Trajectory Optimization Using Direct Collocation

To solve the energy-optimal control problem in Section II-D,
we apply DC [26] for trajectory optimization, which employs
the following steps to compute the optimal vehicle thrust
sequences. First, the vehicle input and state trajectories from
the initial condition to the desired end condition are equally
discretized with a constant time step size. Based on the
discretization, the trajectory optimization problem is reformu-
lated as a nonlinear programming (NLP) problem using the
discretized states and inputs as the decision variables. For the
NLP, the objective function is the sum of propulsion energy
evaluated using the discretized inputs, and the constraint is that
two adjacent states and the corresponding inputs should satisfy
the vehicle dynamics. Finally, the NLP is solved numerically
to obtain the optimal vehicle thrust sequences.

To examine the energy-optimal vehicle motion and behavior
using DC, we consider a case study where an AUV is required
to sequentially visit two waypoints, as shown in Fig. 4(a). The
parameters for the constraints are chosen as T = 7.86 N,
7z = 0005 m, ¢ = 0.7 rad, & = 0.02 rad, and rcon =
2 m. Considering that the ocean currents are modeled as
disturbances in vehicle kinematics, and they will not change
the nature of vehicle dynamics, especially in terms of the
relative velocity, we study the case where the velocity of
ocean currents is zero to facilitate the analysis of the dynamic
characteristics of the energy-efficient maneuvers. The insights
from this case study can be extended to arbitrary ocean current
velocities, as to be discussed in Section IV.
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Fig. 4. Vehicle trajectories from the DC (green arrows in (a) indicate the
sequence of the waypoints; Az denotes the deviation from the desired depth).

In this case study, a waypoint tracking problem is decom-
posed and solved as multiple waypoint tracking problems
between two sequential waypoints. For each waypoint tracking
problem, we first compute the optimal vehicle trajectories from
the current vehicle location to the desired waypoint using DC.
Then, the DC solution is executed until the vehicle reaches the
COA of the desired waypoint. By considering only two way-
points at a time, the solution may have deteriorated energy effi-
ciency compared to the global optimal solution that considers
all waypoints at the same time. However, it makes the problem
computationally more tractable, especially for long missions.
Moreover, this approach is less likely to suffer from robustness
issues (e.g., missing the waypoint) or performance degradation
under model uncertainties and waypoint replanning [27]. With
discretization of the trajectories for each waypoint tracking
problem into 100 segments, the optimal solution from the DC
is given in Fig. 4, which shows that the DC can drive the
vehicle to sequentially visit the waypoints while maintaining
its depth, roll angle, and pitch angle. However, the computation
for solving each NLP in the above case study is intensive
(e.g., about 200 s for each segment on a 2.9-GHz Intel Core
i5 processor with 16-GB RAM), making it prohibitive as a
real-time energy-optimal control strategy for resource-limited
AUV platforms.

B. Analysis of the Optimal Maneuver

Since the DC solution represents a globally optimized
maneuver for each waypoint tracking problem, we analyze
the characteristics of the optimal maneuver to guide the sub-
sequent controller development. The vehicle relative velocities
of the DC solution are given in Fig. 5, and the vehicle power
consumption and horizontal thruster inputs are given in Fig. 6.
According to Figs. 5 and 6, we make the following remarks
on the desired energy-optimal maneuvering:

Remark 1 (Pitch and Heave Control): The pitch power
and relative heave velocity are nearly zero over the entire
operation, indicating that the pitch control energy and the
heave motion are negligible. The constant heave power is
mainly used for overcoming the vehicle’s positive buoyancy.
Thus, the energy-saving potential for optimizing heave and
pitch control is minimal.

O ! Z 01 !
E 005 5/ £ 005 :
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= .0.05 ! ” -0.05 1
0 50 100 150 0 50 100 150
2 01 ! 2 01 !
E 005 ! ? 0.05 !
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Fig. 5. Vehicle relative velocities of the DC solution (red dashed line indicates
the instance when the vehicle switches its destination to the second waypoint).
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Fig. 6. Vehicle power consumption and thrusts of the DC solution (red

dashed line indicates the instance when the vehicle switches its destination to
the second waypoint; the power for overcoming surge drag and the power for
nullifying positive buoyancy are derived with 2k ,(X,u,/2) and 2h,((B —
W)/2), respectively).

Remark 2 (Surge Control): The surge power is mainly used
for overcoming the surge drag force over the entire operation
except when the vehicle performs the initial acceleration.

Remark 3 (Static and Dynamic Modes): Two  distinctive
modes can be identified, which we refer to as static mode and
dynamic mode. In the static mode, the vehicle has a constant
surge speed with minimal motion in other DOFs, and yaw
and pitch power consumptions are negligible. In the dynamic
mode, the vehicle has a nonzero yaw rate, and energy is
used for surge, heave, and yaw controls. The dynamic mode
happens only when the vehicle needs to change its direction
(e.g., waypoint switch). Typically, the vehicle first turns to its
desired heading then keeps its course (i.e., first dynamic mode
and then static mode). The characteristics of the two modes
can also be observed from the variations in the difference
between horizontal thrusts over the entire operation.

IV. ENERGY-OPTIMAL EMPC FOR AUV
ENERGY-OPTIMAL CONTROL

In this section, we propose an online control design that
addresses the energy-optimal control problem formulated in
Section II-D. Based on the analysis in Section III-B, we first
propose a decoupled controller design with an EMPC to con-
trol the vehicle horizontal thrusters. Then, the terminal cost of
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the EMPC is derived. Finally, we present the overall schematic
of the energy-optimal EMPC and provide an analysis of the
EMPC to show the tradeoffs in vehicle control energy.

A. Control Decoupling

Since the energy-saving potential of heave and pitch con-
trols is minimum for horizontal vehicle maneuvers (see
Remark 1), the heave and pitch controls from the vertical
thrusters are decoupled from the energy-optimal control prob-
lem and achieved with two individual PID controllers to reduce
the computation complexity. For the control of horizontal
thrusters, we adopt the EMPC for the following reasons [28].
First, EMPC can explicitly minimize vehicle control energy
with consideration of vehicle dynamics and thruster limits,
assuring the feasibility of the control. Second, it can account
for the long-term effect of control inputs on vehicle energy
with the terminal cost.

Following the standard EMPC formulation, we optimize
the horizontal thruster sequences {Tk1|t} and {Tk2|t} within the
prediction horizon by minimizing the cost given as

=

-1
J = Ly +E (6)
k

Il
=]

where (-); is the k-step ahead prediction made at time instant
t, H is the prediction horizon, and E is the terminal cost. The
stage cost Ly, is formulated as

2
Lkll = (Z hP(TkiIZ) + PPB)&I‘L 7

i=1

where J1;, is the time step size within the prediction horizon,
and the heave and pitch control power PP are approximated
as

PP =2h,((B — W)/2). (8)

The optimization in (6) is performed subject to: 1) hori-
zontal thrust limits (7)) and 2) control-oriented model derived
from (1) based on the vehicle geometry and the energy-optimal
maneuver observed in Section III-B (i.e., by assuming w, =

pP=q=¢=0=0)

(m — Xp)it, = v,rm — Xu, + T' 4+ T7 (9a)
(m — Y;)o, = —u,rm — Y, 0, (9b)
(L, — N;)F = —=N,r + (T' = T*)L, (9¢)
* = cos yu, — sin yo, + V* 9d)
y = sin yu, + cos yo, + V7 (%e)
w=r (9f)

where (9a)—(9c) are the surge, sway, and yaw dynamics, (9d)-
(9f) are the x, y, and yaw kinematics, m is the vehicle total
mass, and I, is the moment of inertia around the heave
direction.
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Fig. 7. Tllustration of the virtual Earth-fixed frame to account for the drift
effect of ocean currents V. represented by the black arrow (the solid black
line is the vehicle trajectory beyond the prediction horizon in the Earth-fixed
frame; the dashed gray line is the vehicle trajectory beyond the prediction
horizon in the virtual Earth-fixed frame; and the gray arrow indicates the drift
in the desired waypoint).

B. EMPC Terminal Cost Formulation

To retain energy efficiency close to that from the DC
solution, we design the terminal cost £ in (6) to capture
the energy-to-go, the energy required to reach the destination
(i.e., the desired waypoint) beyond the prediction horizon. For
computationally efficient numerical optimization, we derive
an analytical expression for the energy-to-go through the
following steps.

1) Accommodation of Ocean Currents: Motivated by [29],
a virtual Earth-fixed frame {¢"} is introduced to account for
the effect of ocean currents on the vehicle motion (see Fig. 7).
Define the virtual Earth-fixed frame as a frame that moves with
the current such that the ocean current will be seen as zero
in the virtual Earth-fixed frame. The vehicle motion in the
virtual Earth-fixed frame and body-fixed frame under current
can be captured with (1). Meanwhile, a fixed waypoint in the
Earth-fixed frame will become a moving virtual destination in
the virtual Earth-fixed frame, moving at the velocity equal to
the opposite of the ocean current velocity. Finding the thrust
profile that can drive the vehicle to the waypoint WP, in the
Earth-fixed frame in time I, is then equivalent to finding the
thrust profile that can drive the vehicle to the following virtual
destination in the virtual Earth-fixed frame in time I;:

[xfzwmgr—ww, (10)

yr=WP,, — V.T..

Consequently, the problem of approximating the energy to
reach WP, under currents can be reformulated as approxi-
mating the energy to (xs, y,) under no current.

2) Energy-to-go Partition: To approximate the energy-to-go
in the virtual Earth-fixed frame, recall the characteristics of
the static and dynamic modes observed from the DC solution
(see Remark 3). We then partition the energy-to-go into the
dynamic and static parts and express the terminal cost as

E=E;+E, (11)

where E; and E; approximate the dynamic and static parts in
the energy-to-go, respectively. See Fig. 8 for an illustration of
the two components in energy-to-go. To derive the dynamic
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Fig. 8. Illustration of the dynamic and static parts (blue line indicates the

vehicle trajectory beyond the prediction horizon).

and static parts, given that the vehicle control energy is closely
related to its travel time, the travel time in the dynamic
and static parts, denoted by I'; and Iy, respectively, are
introduced as extra decision variables in EMPC, where I';, =
I'y + I'y. Meanwhile, constraints on these decision variables
are included in the optimization to ensure that a meaningful
solution can be derived.

3) Energy Approximation in the Static Mode: In the sta-
tic mode, the thruster power is mainly used for surge and
heave controls, and the surge speed is nearly constant. Thus,
we approximate the total power as

P, = P8 4 pSD (12)

where PSP = 2h »(Xuur g /2) is the power for overcoming
the surge drag force under constant surge speed. Then, the
static part of the energy-to-go is approximated with

E, = P,T,. (13)

To ensure that the vehicle can move from the location at the
end of the dynamic mode (x,,, y,,) to the destination in 'y with
constant surge speed and heading, we need a constraint on I'y.
Considering that the vehicle trajectory is nearly a straight line,
an equality constraint is imposed as

\/(yf - ym)2 + (xf - xm)2
U,
where U, = u, y|; approximates the vehicle total speed in the
virtual Earth-fixed frame.

4) Energy Approximation in the Dynamic Mode: In the
dynamic mode, the thruster energy is consumed for surge,
heave, and yaw controls. The heave power is for nullifying
the positive buoyancy and, thus, can be approximated with
PPB. The thrusts required for the surge and yaw controls can
be derived from (9a) and (9c) given by

r, = (14)

Tl _ qur,k\t + (Izz - Nf‘)’;k\t + Nrrklt

ke 2 21, (15)
T2 _ qur,k\t (Izz - Nf‘)’;k\t + Nrrklt

=y 20

for k > H. Note that the surge power is mainly consumed
for overcoming the surge drag force in the dynamic mode

T oA Ipd
Tmax
TH|t
1
0 [y/2 Iy t

Fig. 9. Approximation of the yaw rate profile during the dynamic mode.

(see Remark 2). Thus, the thrusts for the surge control in the
dynamic mode share the same parameterization as that in the
static mode.

To obtain the thrusts from (15), we then assume u,x; =
u, g for k > H. Namely, the thrusts for surge control are
assumed to remain the same beyond the prediction horizon.
Denote the variation in the course direction of the vehicle
during the dynamic mode as y, (see Fig. 8). To achieve the
desired change in the heading, the yaw rate is assumed to
increase to a maximum yaw rate (rmax) in the first half of the
dynamic mode and then decreases to zero in the rest of the
dynamic mode, as shown in Fig. 9. Mathematically, the yaw
rate is expressed as

Tkt

I
ra;+ai(k—H)oty, kaf_d_’_H
20ty

= Fd

r
Fmax +a2 ((k— H)oty— —d), 21
d

CH<k<lipg
2 - T Ol

(16)

where rmax = 2wa/Ta — 0.5rgy, a1 = 2(rmax — rH)/ Ta
represents the 7 in the first half of the dynamic mode, a;, =
—2rmax/ I'q represents the 7 in the second half of the dynamic
mode, and Jt; is the time step size in the dynamic mode.
With (15) and (16), we can derive the surge and yaw
power in the dynamic mode with arbitrary o7;. To permit
a computationally-efficient implementation, J¢; is chosen as
half of the travel time in the dynamic mode, i.e., I'y/2. Then,
following the trapezoid rule, the power in the dynamic mode
is approximated using the power to generate the thrusts at the
end of the prediction horizon (T,i{‘ ,), the middle of the dynamic
mode (77, ,), and the end of the dynamic mode (7} ,,) as

thO%)+QM{HHm)+hPOZH0
i=1

4

= pPB 4 pSD 4 pyaw (17)

where h, (T}, +11) 1s the average of the power to generate the
thrust at the middle of the dynamic mode when 7 = a;, and
when 7 = ap, PY*V is the power for yaw control given as

(65) Cc3 C4

P mg 2 (18)
‘", 2o
and ¢; (i =0, ...,4) are coefficients of the approximated yaw

power. See Appendix II for the detailed derivation of (17) and
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(18). Consequently, the dynamic part of the energy-to-go can
be expressed by

E; = P;Ty. (19)

To ensure that the vehicle can move from (xg, yuj) to
(X, ym) in T'y with the approximated thrusts, we may need
to evaluate the vehicle dynamics, which can be nontrivial.
In this study, we make the following assumptions to derive
the relationship between (xg |, yr;) and (X, ym ). First, y, is
assumed as 2 Aypy, where Ay, = atan2(ys — yuy, X5 —
XH|t) —tan~! (0r, 11t /Ur, 51t) — W e 18 the difference between the
desired and present course directions of the vehicle at the end
of prediction horizon, and atan2(y,x) generalizes tan~!(y/x) to
consider the signs of x and y and returns an angle between
—n to 7. Second, (X, y,) is assumed to be located on the
line between (x|, yu):) and (x¢, y). Then, (x,, y») can be
given based on vehicle kinematics (i.e., constant surge, sway,
and yaw velocities) as

U,Tysin(BAwwy) cos(yp)
BAyn
U,Tysin(BAywy)sin(y,)
BAyn

where y, is the course direction between (xg, ym);) and
(xr,ys). Note that f will be a tuning parameter of the
control that affects the sharpness of the turn, and an extensive
discussion on the effect of f will be made in Section V-C.

Xm = XH|t +

(20)

Ym = YH|t +

C. Energy-Optimal EMPC Formulation and Analysis

By incorporating the approximated energy-to-go presented
in Section I'V-B, the proposed EMPC is given as

H—-1
{‘ﬁﬂ J =" Ly + PsTq+ P, (21a)
Tk|r > Tk|r Lo Ty k=0

st Crpry = 0 (Cppo Tkl\t’ Tkz\w Veu)s Sop= &, (21b)

1Tl < T, TG ST, 0 < trgqy (2lc)
Iysin(BA

o ((FesinBAym) Y, 21d)
BAyH

where ¢ = [u,,0,,7,x,y,y] is the states of the

vehicle in the horizontal plane, ff’,l(o) is the discrete-time
vehicle kinematics and dynamics in the horizontal plane
obtained by discretizing (9) with time step Jf,, and
d=((y; — yuu)* + (xy — xm1)*)"/* is the required traveling
distance in the virtual Earth-fixed frame. From (21), it can be
seen that we parameterized the energy-to-go with I'y and T’y
while enforcing a constraint (21d) on I'y and I'; to guarantee
the satisfaction of vehicle motion model. The constraint (21d)
is obtained from merging the kinematic constraints in (14)
and (20).

The energy-optimal EMPC (EO-EMPC) is then proposed by
combining the EMPC for controlling the horizontal thrusters
and PIDs for controlling the vertical thrusters (see Fig. 10).
By regrouping the terms in the approximated energy-to-go, the
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Fig. 10.  Control architecture for the proposed EO-EMPC (z; and 0 are
the desired depth and pitch angle, respectively).

terminal cost is expressed as

E = P;Ty+ PT,
= (P™ + P5°)(Ty + Ty) + PY™Ty .
N —

Yaw Energy

(22)

Surge & Heave Energy

From (22), we can see that two tradeoffs in vehicle control
energy are captured by the approximated energy-to-go.

1) Surge Versus Heave: The tradeoff between the energy
components for surge and heave controls appears in both
dynamic and static modes. Since heave power PP is
constant, a shorter travel time is desirable for reducing
heave energy. However, considering that surge power is
proportional to the squared surge speed, a shorter travel
time will lead to larger energy spent for surge control.

2) Surge Versus Heave Versus Yaw: In the dynamic mode,
the tradeoff between the energy components for surge
and heave controls will also be affected by the energy
component for yaw control. Since a lower turning rate
requires smaller yaw moments, a slower turn (i.e., larger
I'y) consumes less yaw power, as is demonstrated with
(18). However, an overly slow turn will lead to an
extremely long travel time. Since the energy is the time
integral of power, the yaw energy can also be large for an
overly slow turn (i.e., coI'y dominates the yaw energy).
Therefore, the minimum yaw energy is achieved with a
neither too large nor too small travel time.

These two tradeoffs imply that we have to balance the energy
components for surge, heave, and yaw controls with an optimal
travel time to minimize the total energy used.

V. SIMULATION RESULTS AND ANALYSIS

In this section, we validate the effectiveness of the proposed
approach in two steps with different current conditions. First,
the proposed approach is evaluated with the same scenario
in Section III and compared with the DC solution. Secondly,
extensive simulations are performed to compare the proposed
approach with a LOS-based control scheme for AUVs on a
more realistic mission profile. Finally, discussions are made
in terms of the tuning parameters and possible extensions of
the proposed EMPC.
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ENERGY CONSUMPTION COMPARISON BETWEEN THE DC AND EO-EMPC

TABLE I

Flow condition |  DC EO-EMPC  Loss
#1 177.45 J 179.31 J 1.05%
#2 411.03 J 416.08 J 1.23%
#3 39253 J 393.24J  0.18%
#4 211.30 J 21247 J  0.56%

A. Comparison With the DC

To validate that the EMPC based on approximated energy-
to-go leads to performance close to the DC solution, we apply
the proposed approach to the same mission profile in
Section III. We select the following four conditions with
constant ocean current velocity to make the problem com-
putationally manageable for the DC.

1) U. =0 m/s and y. = 0°.

2) U, =0.160 m/s and y, = —66.21°.

3) U, =0.105 m/s and y, = —135.41°.

4) U, =0.054 m/s and y, = 141.92°.

Here, U, = (V5)? + (V))*)1/? and y, = atan2(V?, V) are
the magnitude and direction of the ocean currents, respectively.
For EMPC, the time step sizes within the prediction horizon
and the prediction horizon are 0.1 and 1 s, respectively.
We choose £ = 1. The optimization in EMPC is solved with
fmincon in MATLAB. The simulation of the vehicle motion
is performed in MATLAB with the six-DOF model presented
in Section II-A. The energy consumption from the EO-EMPC
and DC is summarized in Table I, and the vehicle trajectories
are given in Fig. 11. It can be observed that both controllers
drive the vehicle to visit all the waypoints with a satisfactory
vehicle pose, and EO-EMPC can achieve near-optimal energy
efficiency under different flow conditions. Meanwhile, it is
noteworthy that a significant reduction in computation time
is achieved by EO-EMPC (i.e., the average CPU time for
EO-EMPC is about 0.1 s) by using approximated energy-to-
go. The comparison of the vehicle relative velocities from
both approaches for the flow condition #1 is also provided
in Fig. 12. From Fig. 12, we see that EO-EMPC mimics the
DC solution, e.g., it reduces the relative surge velocity during
turning to save energy.

B. Comparison With a LOS-Based Approach

To further demonstrate the effectiveness of EO-EMPC,
we consider a lawnmower-type mission where the x and
y locations of the waypoints are WP; € {(0,0), (50,0),
(50, 10), (0, 10), (0,20), (50,20), (50, 30), (0,30), (0,40),
(50, 40), (50, 50), (0,50), (0,0)} m. This lawnmower path
represents a mission where the vehicle surveys or maps an
area (e.g., [30], [31]). Five different current conditions are
selected for performance comparison. The current condition
#5 has zero current velocity over the entire operating domain.
The current conditions #6—#9 are selected among the ocean
current data obtained from U.S. Integrated Ocean Observing
System High Frequency Radar Network (HFRNet) [32]. The
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Fig. 11.  Vehicle trajectories from the DC and EO-EMPC under different
flow conditions (Az denotes the deviation from the desired depth). (a) Flow
condition #1. (b) Flow condition #2. (c) Flow condition #3. (d) Flow
condition #4.

flow data for the region near Long Island in New York from
March 24, 2019, to March 25, 2019, are linearly interpolated
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condition #1 (red dashed line indicates the instance when the vehicle switches
its destination to the second waypoint).
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Fig. 13.  Setup of the mission. (a) Current conditions. (b) Mission profile;
green arrows indicate the sequence of the waypoints.

between spatial and temporal grid points to simulate the flow
field. The patterns of the chosen current conditions and the
setup of the waypoints are given in Fig. 13.

Since solving the above mission profiles using the DC
is computationally prohibitive, the LOS guidance-based
approach is adopted for comparison as it represents a con-
ventional solution for the mission. In particular, the energy-
optimal LOS-based approach of [33] is implemented, which
uses an MPC to control the horizontal thrusters for tracking an
energy-optimal surge speed setpoint and a yaw angle setpoint
from the LOS guidance. Two individual PID controllers are
employed for the vertical thruster control to maintain zero
pitch angle and a constant depth. The yaw angle setpoint is
computed as [34]

%=m—mn<&i&)

23
—— (23)

where y; = y. — tan~! (y./dios) represents the desired course
direction of the vehicle, y. is the course direction between the
present and past waypoints, y, is the distance from the vehicle
location to the line linking the present and past waypoints
(i.e., cross-track error), and djos is the lookahead distance. The
second term on the right of (23) compensates for the drift
effect from currents. See Fig. 14 for an illustration of the LOS
geometry. The lookahead distance is chosen as 2 m in this
study. The setpoint for the relative surge velocity is computed
by minimizing the energy for surge and heave controls within
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current (i.e., flow condition #5).

(a) (b) °50% Y
460 2100% Y,
S 200 o150% Y,
>
& 440
g 190
m
180 420
0.5 1 15 2 0.5 1 15 2
(© @)
420 220
e 218
= 410
o 216
2400
=) 214
390
0.5 1 15 2 0.5 1 15 2
B B

Fig. 16. Effect of # on the performance of EO-EMPC under different flow
conditions and with different sway damping coefficients. (a) Flow condition
#1. (b) Flow condition #2. (c) Flow condition #3. (d) Flow condition #4.

unit travel distance given as

pSD 4 pPB
uy = argmin

-t 24
Uy Urd ( )

where U,q is the vehicle speed projected onto y; expressed as

Ug = \/uf + 02 — (U, sin Wea)® + Ue €OS Wea (25)

and w.q = W, — 4. The optimization in (24) is subject to the
constraint that the vehicle relative surge velocity must be large
enough to permit a positive Uy.

Based on the above setup, we simulate the EO-EMPC
and the LOS-based approach, and summarize the vehicle
performance in Table II. The average cross-track error is com-
puted by averaging vehicle deviations from the line between
the present and past waypoints when the vehicle is outside
the COA. From Table II, it is verified that EO-EMPC can
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Fig. 17.  Vehicle trajectories of EO-EMPC with different choices of £ under flow condition #2. (a) ¥, = 5 kg/s (50% of the nominal). (b) ¥, = 10 kg/s

(nominal). (c) Y, = 15 kg/s (150% of the nominal).

TABLE 11
PERFORMANCE COMPARISON BETWEEN THE LOS-BASED APPROACH AND EO-EMPC

Flow Energy Consumption Travel time Average cross-track error
condition | LOS-based EO-EMPC Reduction | LOS-based EO-EMPC Increase | LOS-based = EO-EMPC
#5 5459.9 J 3906.5 J 39.76% 3922.8 s 4061.4 s 3.53% 0.035 m 0.044 m
#6 6834.0 J 5210.5 J 31.16% 3040.2 s 3097.1 s 1.87% 0.043 m 0.288 m
#7 9785.3 J 8852.6 J 10.54% 1684.5 s 1760.6 s 4.52% 0.045 m 0.579 m
#8 8707.6 J 7728.5 J 12.67% 1905.0 s 1969.0 s 3.36% 0.043 m 0.571 m
#9 10547.1 J  9480.5 J 11.25% 1604.3 s 1687.7 s 5.20% 0.039 m 0.568 m

significantly reduce the vehicle control energy when following
the waypoints. To further illustrate the advantage of EO-
EMPC, the horizontal thrusts from the LOS-based approach
and EO-EMPC under the current condition #5 are compared
in Fig. 15. It can be seen that EO-EMPC reduces the energy
consumption by avoiding the spikes in the thruster inputs dur-
ing the vehicle turning. On the downside, the EO-EMPC has
a slightly longer traveling time and larger average cross-track
error than that from the LOS-based approach across all cases
as the EO-EMPC only aims at minimizing the vehicle energy
consumption.

C. Discussions

Discussions are made in the following aspects concerning
the use of the proposed approach in real-world applications.

1) Choice of the Parameter [5: When formulating the
EMPC, f is introduced as a tuning parameter to characterize
the relationship between the required heading variation in the
dynamic mode (y,;) and the difference between the desired
and present course directions of the vehicle at the end of the
prediction horizon (Awg;). As shown in Fig. 8, the vehicle
has to change its heading by at least Ayy; to head toward
the destination. In reality, since the vehicle will be moving
forward and subject to induced sway motion while turning,
wq must be larger than Awy|, to compensate for the drift
during the turning, i.e., f > 0.5. Meanwhile, the performance
of the control will be affected by the choice of . In particular,
a too large or too small § will lead to a sharp or a slow turn,
respectively, resulting in deteriorated energy efficiency.

To illustrate the effect of S on the control performance, the
energy consumed by EO-EMPC with different #’s on the mis-
sion profile in Section V-A under different flow conditions and
sway damping coefficient values is compared in Fig. 16. The
vehicle trajectories of EO-EMPC with different £’s under flow
condition #2 are also provided in Fig. 17. Figs. 16 and 17 show
that a constant value of f = 1 yields near-optimal vehicle
energy efficiency under different conditions, suggesting that it
may be used for different real-world applications.

2) Regulation of the Cross-Track Error: In this work,
we investigate the waypoint tracking problem, and the pro-
posed EO-EMPC takes no consideration of the cross-track
error. However, the proposed approach can be modified to
address the path following problem by including a term related
to the cross-track error in the terminal cost of EMPC as
follows:

E = P;Tq+ PT, + wayey, (26)

where w.; is a constant factor penalizing a large cross-track
error and y. g, is the cross-track error of the vehicle state
at the end of the prediction horizon. Since the vehicle will
be performing the waypoint transition inside the COA, the
cross-track error is not considered (i.e., y. z; = 0) when the
vehicle is in the COA. The performance of the EO-EMPC
using the terminal cost in (26) with different choices of w
on the mission profile in Section V-A under flow condition
#2 is summarized in Fig. 18. It can be seen that a smaller
average cross-track error can be achieved with a larger w.; in
the modified terminal cost. Meanwhile, energy efficiency will
be compromised for a larger w., as the vehicle may need to
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turn drastically to reduce the cross-track error. In real-world
applications, the value of w. can be determined by the user
to satisfy different mission requirements and reflect the proper
tradeoff between energy efficiency and path following.

VI. CONCLUSION

In this article, we investigate the energy-optimal control
problem of AUVs under ocean currents. To develop an optimal
control strategy feasible for onboard applications, an EO-
EMPC that uses EMPC for horizontal thruster control and
PIDs for vertical thruster control is proposed. In order to
obtain energy efficiency close to that of the DC, the terminal
cost in EMPC is formulated as the approximated energy-to-go.
Based on the characteristics of the optimal maneuver in the
DC solution, we partition the energy-to-go into dynamic and
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static parts, and parameterize them based on their durations,
the destination, vehicle dynamics, and ocean currents. Exten-
sive analysis of the approximated energy-to-go shows that
it captures the tradeoffs among different energy-consuming
components for surge, heave, and yaw controls. Simulation
evaluation is first conducted by comparing EO-EMPC with the
DC and demonstrates that EO-EMPC can achieve near-optimal
energy efficiency. Further simulation analysis is performed
on a lawnmower path under different current conditions.
By comparing EO-EMPC with the LOS-based approach, it is
demonstrated that EO-EMPC can achieve substantial energy
reductions by leveraging the vehicle dynamics and current
information.

Future work will focus on the experimental validation of the
proposed approach on the test-bed AUV, DROP-Sphere. In this
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and m, = I,, — N;.
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Fig. 18. Performance of the EO-EMPC modified for path following with
different choices of w¢ under flow condition #2. (a) Vehicle trajectory.
(b) Energy and average cross-track error comparison.

work, it is assumed that the knowledge of the vehicle states
and ocean currents is perfect, which can be difficult to achieve
on some low-cost AUV platforms. Therefore, in the future,
we will investigate the robustness of the proposed approach
under uncertainty in the state estimation and ocean current pre-
diction. Finally, for typical AUVs, the vehicle hydrodynamic
coefficients can vary depending on the vehicle payloads and
environmental conditions. Thus, validating the vehicle models
used in this study and investigating the adaptation of the
proposed control to handle the model mismatch will also be
our future focus.

APPENDIX I
DROP-SPHERE MODEL PARAMETERS

m=2042kg I, =0.1205 kg - m?
Xg=0m y,=0m

[, =02794m [, =0.1694 m
Y;=-20kg Z;=—40kg

Ny = -2 kg- mz/rad X, =15 kg/s
K,=10kg -m*/(s-rad) M, =5 kg-m?/(s - rad)
I,y = 09431 kg- m* I, = 1.0061 kg-m*

g = 0.00178 m  z;, = —0.009 m
I3=-0.020dm X, =-10kg
K;=-2kg- m?/rad M; =—-2kg- m?/rad
Y, =10 kg/s Z, =10 kg/s

N, =5 kg - m?/(s - rad).
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APPENDIX II

DERIVATION OF THE APPROXIMATED POWER IN THE

DYNAMIC MODE

(27), (28a), and (28b), as shown at the bottom of the

previous page.
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