
846 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 8, NO. 4, OCTOBER 2011

Linear Programming SVM-ARMA�� With
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Abstract—As an emerging non-parametric modeling technique,
the methodology of support vector regression blazed a new trail
in identifying complex nonlinear systems with superior gener-
alization capability and sparsity. Nevertheless, the conventional
quadratic programming support vector regression can easily
lead to representation redundancy and expensive computational
cost. In this paper, by using the � norm minimization and
taking account of the different characteristics of autoregression
(AR) and the moving average (MA), an innovative nonlinear
dynamical system identification approach, linear programming
SVM-ARMA��, is developed to enhance flexibility and secure
model sparsity in identifying nonlinear dynamical systems.
To demonstrate the potential and practicality of the proposed
approach, the proposed strategy is applied to identify a represen-
tative dynamical engine model.

Note to Practitioners—The identification of complex nonlinear
engine systems poses challenges on the efficiency, flexibility and
generalization capability of the identification algorithms. Inspired
by the triumphs of support vector learning methodology in pattern
recognition and regression analysis, an innovational nonlinear sys-
tems identification algorithm, LP-SVM-ARMA�� was developed
in this paper as a significant stride toward the fusion of modern
machine learning essentials into practical identification strategy
for industrial systems. In particular, the possible generalization of
LP-SVM-ARMA�� via more complex composite kernel functions
is also discussed to meet the diversity of industrial practice.

Index Terms—Composite kernel, generalization, linear pro-
gramming, model sparsity, nonlinear system identification,
support vector regression.

I. INTRODUCTION

A S THE TURNING POINT in the history of machine
learning methods, the development of kernel-based

learning systems in the mid-1990s comes with a new level of
generalization performance, theoretical rigor, and computa-
tional efficiency [1], [2]. The fundamental step of the kernel
approach is to embed the data into a Euclidean space where
they interact only through inner product and the patterns can
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be discovered as linear relations, thereby reducing many com-
plex nonlinear problems to tractable linear problems [3], [4].
As is typical of non-parametric kernel learning systems, the
support vector machine (SVM) has been successfully applied
in nonlinear regression by introducing the –insensitive loss
function [3], [5]. With the aid of duality, the conventional
support vector regression is formulated as a convex quadratic
programming (QP) problem, through which a sparse model
can be obtained with generalization capability. Recently, the
quadratic programming support vector regression (QP-SVR)
have been successfully applied in identifying the nonlinear
dynamical systems [6]–[8], which can be traced back to the
use of Green functions and generalized Fock space for non-
linear systems identification in earlier research work [9], [10].
However, since all data points not inside the -tube are se-
lected as support vectors, redundant data points appear in the
non-parametric model representation derived from quadratic
programming support vector regression (QP-SVR) when used
for identifying complex nonlinear dynamical systems. This
results in the onerous computational task, and also violates the
principle of Occam’s razor, which argues that the model should
be no more complex than is required to capture the underlying
system dynamics.

Instead of enforcing flatness in feature space as is the case
with QP-SVR, the linear programming support vector regres-
sion (LP-SVR) employs the norm as regularizer, which
inherently enforces sparseness of the solution. This leads to the
superiority of LP-SVR in model sparsity, flexibility in using
more general kernel functions, and computational efficiency
[11], [12]. Albeit the norm has been introduced in support
vector classification for various purposes [13]–[15], until very
recently a few LP-SVR algorithms were developed for mod-
eling nonlinear dynamical systems from input–output data, and
simulation studies have demonstrated the potential of LP-SVR
in the realm of nonlinear systems identification [16], [17], [19].

In this paper, inspired by the challenge of providing effective
engine models to support control strategy development and
system integration, we aim at developing advanced identifi-
cation algorithms for modeling dynamical system output as a
nonlinear function of the past system inputs (moving average)
and past system output (autoregression). On the strength of
LP-SVR and the algorithm of SVM-ARMA proposed in
[21], we develop a novel nonlinear identification approach,
LP-SVM-ARMA , and investigate its implications on model
generalization and complexity.

The issue of engine modeling has been widely studied by the
industrial and academic engine control community, and many
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different types of models with different levels of complexity and
fidelity can be found in the literature [18]–[20]. Existing engine
models that serve to support engine control and calibration are
often phenomenological in nature and they generally can be cat-
egorized into two classes: the gray-box models where certain
first principles are combined with system identification tech-
niques in the modeling process, and the black-box models which
rely primarily on data and regression techniques for model de-
velopment. While the thermodynamic process associated with
engine operation has many statistical characteristics and empir-
ical engine mapping is a common practice, the engine modeling
has been rarely attacked from the angle of non-parametric statis-
tical learning. Hence, our research presented in this paper also
sheds light on non-parametric statistical modeling for engine
systems.

The following generic notations will be used throughout this
paper: non-boldface symbols such as refer to scalar
valued objects, lower case boldface symbols such as
refer to vector valued objects, and finally capital boldface sym-
bols such as , will be used for matrices.

II. MOTIVATION AND INNOVATION

Conventionally, the problem of system identification consists
of setting up a suitably parameterized identification model and
adjusting the parameters of the model to optimize a performance
function based on the error between the system to be mod-
eled and the identification model outputs. Contrary to that, the
identification model obtained by support vector regression is
non-parametric and represented as the kernel expansion on the
support vectors, which are the data points in a selected subset of
the training data [4], [5].

As an important member in the family of kernel methods,
the SVM is a universal approach for estimating the multidi-
mensional function per se. It has been gaining popularity in
the field of pattern recognition and nonlinear regression. On the
other hand, due to the fact that SVM represents the model as
a kernel expansion on the support vectors, the model sparsity,
which is defined as the ratio of the number of SVs to the number
of all training data points, is the key to alleviate redundancy
and control model complexity. Pursuant to Occam’s razor prin-
ciple, also known as the parsimonious principle, which ensures
the simplest possible model that explains the data, low sparsity
is closely related to model generalization and nonlinear model
building. Otherwise, the size of a nonlinear model can easily
become explosively large, which usually results in the degrada-
tion of the generalization capability. In an attempt to secure the
succinct model with less computational effort, the LP-SVR cap-
italizes on the norm of the coefficients vector in the kernel ex-
pansion as a regularization term for controlling the model com-
plexity and structural risk.

Most of the earlier works in applying support vector learning
to nonlinear systems identification [6], [7], [16], [17] treat the
issue of systems identification as a general regression problem.
However, in the scenario of nonlinear dynamical systems iden-
tification, the regressor used for identifying the NARX (Non-
linear AutoRegressive eXogenous) model consists of two parts:

autoregression (AR) and moving average (MA). This is quite
different from the regressor used for general function approxi-
mation problems and, in particular, AR and MA may affect the
output of the dynamical system differently. This is the motiva-
tion for using the composite kernel in the context of LP-SVM,
which leads to a new powerful tool, LP-SVM-ARMA , for
nonlinear dynamical system identification. With the capability
of characterizing the roles of AR and MA by different kernel
functions, the LP-SVM-ARMA provides more flexibility in
representing nonlinear dynamical systems and underpins ad-
vanced analysis. In [21], the composite kernel has been used
for the QP-SVR in identifying the nonlinear dynamical systems,
where the primal regression problem needs to be converted into
its dual for being cast in terms of the kernel functions. In [22],
the least square SVM with composite kernel is adopted to pre-
dict chaotic time series, where the main problem is the loss of
sparsity.

In this research, the simulation experiments on an inline four
cylinder engine system are conducted to evaluate the utility of
the proposed algorithm, and the results provide compelling ev-
idence and a basis for optimism.

III. LP-SVM-ARMA

Consider a nonlinear dynamical system with inputs
and single output , at the time instant

the states of the discrete-time processes of the output
and multiple inputs are denoted by the vectors

and , where
, . Hence,

is the vector concatenation of the output
and input states at that instant. It is assumed that and ,
the dimension of the vectors and , respectively, are
large enough so that the predictable part of the process is com-
pletely captured. To identify the nonlinear dynamical systems
described by

(1)

most of the existing approaches employ the regression vector
, in which the NARX model is considered in a wide and im-

plicit sense. However, the necessity and possible benefit brought
by partitioning the regression vector has been recognized in
[23] and [24]. In [23], only the partially linear model was dis-
cussed and the least square SVM used there may lead to the
loss of sparsity. Instead of stacking the AR and MA components
together into the regressor , SVM-ARMA admits the fol-
lowing model for dynamical systems identification [21]:

(2)

where and are the kernel functions for the autoregres-
sion part and moving-average part , respectively, and

is the number of available samples. The summation
in (2) is called the composite kernel [25], which can be
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viewed as the induced inner product in the direct sum of two
different Hilbert spaces [21]. As soon as the kernel functions

and are specified for characterizing the behavior of AR
and MA, the model can be built by estimating the coefficients
vector . As a non-parametric model, the
SVM-ARMA represents the model in the form of composite
kernel expansion on all of the training data. Hence, the number
of nonzero components in the coefficients vector largely deter-
mines the complexity of the kernel expansion model. Herein, in
an attempt to control the complexity of the model representation
and thereby secure excellent generalization performance [26],
the norm of the coefficients vector of the composite kernel
expansion is employed as the regularization term in the objec-
tive function to be minimized, which stems from the approxima-
tion for the norm and usually leads to the small cardinality of
the support vector subset. In this way, the non-parametric model
(2) can be synthesized by solving the following regularization
problem:

(3)

where the parameter controls the extent to which the regular-
ization term influences the solution and is defined as the
–insensitive loss function

(4)

where is the error tolerance. Geometrically, the
-insensitive loss function defines an -tube. The vector pairs

in model representation (2) corresponding
to the nonzero coefficients are defined as support vectors
in SVM-ARMA . Several widely used kernel functions are
available for constructing the composite kernels.

Gaussian radial basis function (GRBF) kernel

(5)

Polynomial kernel

(6)

Sigmoid kernel

(7)

Inverse multi-quadric kernel

(8)

Exponential radial basis function kernel

(9)

where are the adjustable parameters of the above
kernel functions. The RBF kernels and inverse multi-quadric

kernel are in the class of translation-invariant kernels, and the
polynomial kernel and sigmoid kernel are examples of rota-
tion invariant kernels. In fact, every kernel function has its spe-
cific feature in measuring the similarity of the different patterns,
and the use of kernel functions makes it possible to deal with
complex nonlinear relations. To guarantee the positive definite-
ness of the Hessian matrix, only the Mercer kernel can be used
in QP-SVR. However, the linear programming problem is still
solvable with a symmetric non-Mercer kernel in LP-SVR [16].

By introducing the slack variables and , the regulariza-
tion problem (3) can be equivalently transformed into the fol-
lowing constrained optimization problem:

(10)

where the constant determines the tradeoff between the
sparsity of the model and the amount to which deviations larger
than can be tolerated. From the geometric perspective, it can
be followed that in SV regression. Therefore, it is
sufficient to just introduce slack variable in the constrained
optimization problem (10). Thus, we arrive at the following for-
mulation of SV regression with fewer slack variables:

(11)

In other words, the calculation of the expansion coefficients
vector and the selection of the support vectors in (2) can be
accomplished by solving the optimization problem (11). For
the purpose of converting the optimization problem above into
a linear programming problem, the components of the coeffi-
cient vector and their absolute values are decomposed as
follows:

(12)

where . Apparently, the decompositions in (12)
are unique, i.e., for a given there is only one pair
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fulfilling both equations. It is underscored that both variables
cannot be positive at the same time, i.e., . In this
way, the optimization problem (11) can be written as

(13)

Next, define the vector

(14)

and express the norm of as

(15)

with the -dimensional vector and
, the optimization problem (13) can

be formulated as the linear programming problem as follows:

(16)

where , and
is an identity matrix. The and are the kernel
matrices with entries defined as ,

, which act as the interface between the
data input module and the learning algorithms. The linear pro-
gramming problem (16) can be solved by the simplex algorithm
or the well-known primal-dual interior point algorithm [27].
With the solution to linear programming problem (16), the coef-
ficients of the composite kernel expansion model (2) can be cal-
culated by using the (12), and thereby the model (2) can be built
for the purpose of identifying nonlinear dynamical systems (1).
Contrary to the QP-SVR where all data points outside the -tube
are selected as SVs, the LP-SVR still can generate a sparse so-
lution even when the is set to be zero.

For nonlinear dynamic systems with multiple inputs consid-
ered here, the generalization of composite kernel also provides

us more flexibility to use different kernels for characterizing the
different inputs when necessary, i.e.,

(17)

where is the generalized
composite kernel. In [21] and [25], to accommodate the possible
coupling between systems input and output of a single-input
nonlinear dynamic system, the algorithm of SVM-ARMA
was developed, where the cross-kernel was introduced to extract
the cross information from the data. However, for multi-input
nonlinear dynamic systems, the coupling may exist amid all
system inputs and output. For simplicity, it is postulated that
the inputs , and output have the same
dimension here. Otherwise, some amount of redundant informa-
tion can be added to achieve the uniformity of dimensions [21].
Evidently, the introduction of cross-kernels into the general-
ized composite kernel, such as cross-kernels and/or

, , , may easily result in the com-
plication of model representation and difficulty in choosing ap-
propriate kernel functions. A potential solution to this problem
is to map the system inputs and output into mutually orthog-
onal Hilbert subspaces, which makes the cross-kernels vanish
because the inner product between vectors belonging to mutu-
ally orthogonal Hilbert subspaces is zero [28]. This also makes
it possible to conceptualize the nonlinear decoupling identifi-
cation for nonlinear multi-input dynamic systems in the frame-
work of kernel learning. The in-depth study on this issue will be
left as further work.

IV. APPLICATION OF LP-SVM-ARMA
TO ENGINE MODELING

With the unprecedented national and international focus on
energy and environmental issues, the auto industry is under
enormous pressure to meet ever more demanding customer
expectations and increasingly stringent government emission
regulations amid stiff global market competition. Automotive
companies are striving to develop advanced powertrain and ve-
hicle technologies under substantial time and cost constraints.
Besides seeking new engine hardware innovations, the industry
is also introducing new engine control development processes,
where more emphasis has been placed on model-based design
and calibration as a way to deal with complexity and to assure
robust performance. In this process, a dynamic engine model
is a critical tool that facilitates control strategy design, perfor-
mance analysis, and overall system integration [29].

As a case study to evaluate the applicability of the
LP-SVM-ARMA for engine modeling, we consider an
inline four cylinder gasoline engine as the platform. In addition
to spark, fuel, and air inputs, this engine is equipped with an
intake variable valve timing (VVT) mechanism. A high fidelity
engine model, which has been extensively validated and is
being used for engine calibration and strategy development
activities, is employed as a “virtual” engine in this study to
generate data and to serve as a test-bed for model validation.



850 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 8, NO. 4, OCTOBER 2011

A data set was generated by exciting the high fidelity model
with randomly selected (but within feasible range) input com-
binations (manifold air flow (MAF, g/s), air-to-fuel ratio ,
spark (SA, deg), and VVT (deg) commands) and engine oper-
ating conditions (namely, for different engine speed and load
combinations). This input selection assures the richness of the
data set. The output variables, for which models will be devel-
oped, include engine torque, emissions, exhaust temperature,
and the covariance of the cylinder pressure which is a measure
of the combustion stability. The entire dataset consists of 15 000
data points, which covers most of the calibration mapping space.
The 1000 training data points were randomly selected from the
first 14 500 data points to ensure the richness of training dataset,
and the last 500 data points are used as testing dataset for vali-
dating the resulting model.

Once the data is generated and the composite kernel is de-
fined, the composite kernel expansion (2) can be obtained by
solving the LP problem in the form of (16). Either the interior
point algorithm or the simplex algorithm can be used to solve the
linear programming problem for different engine response vari-
ables, namely the engine torque (Tq), gas emissions including
hydrocarbon (HC) and nitrogen oxide (NOX), engine exhaust
gas catalyst temperature (Temp), and the cycle-to-cycle covari-
ance of the cylinder pressure (COV). In our simulation, the MA
and AR regressor used for building the following engine models

(18)

(19)

(20)

(21)

(22)

are defined as

respectively.
It should be noted that, as for most of the data-driven mod-

eling work, the process of selecting the input variables for the
LP-SVM-ARMA model involved both applying physical
intuition and trial-and-error. In the case of engine modeling,
we have applied our previous modeling experience in selecting
input variables, and leveraged the flexibility of the linear pro-
gramming problem formulation to define the model structure.

Before applying the LP-SVM-ARMA for engine mod-
eling, several important parameters in the linear optimization
problem (13), such as and , need to be selected. The kernel
functions and adopted here for constructing the composite
kernel are in the form of the GRBF kernel (5), and the values

TABLE I
PARAMETERS VALUES

Fig. 1. Validation of engine torque model (18) on testing dataset. (Solid line:
system output; dotted line: predicted output from the model.)

Fig. 2. Validation of HC model (19) on testing dataset. (Solid line: system
output; dotted line: predicted output from the model.)

of parameters and used for identifying the engine system
models are listed in Table I.

Consider that the MA regressor consists of multiple dif-
ferent inputs to the system, and the values of one input may
be orders of magnitude larger than that of another. Hence, it
is usually necessary to use the technique of data standardiza-
tion for scaling the input data with different distributions be-
fore the training process [30]. Through the training implemented
by solving a linear programming problem, the engine models
(18)–(22) can be obtained and further the models generated can
be evaluated by validating on the testing dataset. The validation
results are depicted in Figs. 1–5.
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Fig. 3. Validation of NOX model (20) on testing dataset. (Solid line: system
output; dotted line: predicted output from the model.)

Fig. 4. Validation of catalyst temperature model (21) on testing dataset. (Solid
line: system output; dotted line: predicted output from the model.)

The generalization performance of models can be evaluated
by calculating the validation accuracy on the testing dataset
measured by absolute root mean square error (RMSE)

(23)

and relative RMSE

(24)

respectively, where is the output predicted by the obtained
model and is the number of data in the testing dataset. RMSE
is used as the key measure of model quality in this work, as
the similar measure has been used for the engine modeling and
powertrain control calibration community. The model sparsity
shown in Table II, measured by the ratio of the number of sup-
port vectors to the number of training data points, indicates that

Fig. 5. Validation of COV model (22) on testing dataset. (Solid line: system
output; dotted line: predicted output from the model.)

TABLE II
SPARSITY AND GENERALIZATION OF MODELS (18)–(22) LEARNED BY

LINEAR PROGRAMMING SVM-ARMA

linear programming SVM-ARMA model has excellent con-
trol of model complexity. In conjunction with the model spar-
sity, the validation accuracies of model (18)–(22) on the testing
dataset are listed in Table II.

For the sake of comparison, we also identify the dy-
namical engine system via the support vector regression
with single kernel function [6], [31], in which the regressor

is employed and the expansion on single
kernel function

(25)

is used to represent the following five subsystems:

(26)

(27)

(28)

(29)

(30)
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TABLE III
SPARSITY AND GENERALIZATION OF MODELS (26)–(30) LEARNED BY

LP-SVR WITH SINGLE KERNEL

TABLE IV
SPARSITY AND GENERALIZATION OF MODELS (26)–(30) LEARNED BY

QP-SVR WITH SINGLE KERNEL

where

In our simulation, the subsystems (26)–(30) are learned by
LP-SVR and QP-SVR, respectively. The efficacy and gener-
alization performance of the obtained kernel expansion model
are evaluated by the model sparsity and validation accuracy on
the testing dataset, which are listed in Table III and Table IV.

Although the model sparsity listed in Table III is comparable
to those in Table II, it is apparent that the modeling accuracies on
testing datasets, which measure the generalization performance
of models, are improved dramatically by using the LP-SVM-
ARMA . Figs. 6–10 visualize the approximating performance
of the models (26)–(30) built by LP-SVR on the testing dataset.

The validation accuracies listed in Table IV commensurate
with those in Table III; however, the sparsity of the models
learned by QP-SVR degenerates severely, which leads to the
forfeiture of model succinctness and thereby the inefficiency in
evaluating the model outputs. In particular, the computationally
burdensome requirement by quadratic programming makes it
unpractical to model such a large size dataset generated by en-
gine system via QP-SVR.

Fig. 6. Validation of engine torque model (26) from LP-SVR on testing dataset.
(Solid line: system output; dotted line: predicted output from the model.)

Fig. 7. Validation of HC model (27) from LP-SVR on testing dataset. (Solid
line: system output; dotted line: predicted output from the model.)

Fig. 8. Validation of NOX model (28) from LP-SVR on testing dataset. (Solid
line: system output; dotted line: predicted output from the model.)

For evaluating the bias of each model learned by
LP-SVM-ARMA , LP-SVR, and QP-SVR, the mean error
on testing dataset for each model is also calculated and listed
in the Table V.
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Fig. 9. Validation of catalyst temperature model (29) from LP-SVR on testing
dataset. (Solid line: system output; dotted line: predicted output from the model.)

Fig. 10. Validation of COV model (30) from LP-SVR on testing dataset. (Solid
line: system output; dotted line: predicted output from the model.)

TABLE V
MEAN ERRORS ON TESTING DATASET FOR MODELS LEARNED BY

LP-SVM-ARMA , LP-SVR, AND QP-SVR

By comparing the data listed on the same row in Table V,
it is apparent that the biases of models (18)–(22) learned by
LP-SVM-ARMA are much less than the models (26)–(30)
obtained by LP-SVR and QP-SVR, respectively.

V. CONCLUSION

The nature of LP-SVR is to use the kernel expansion as an
ansatz for the solution, but to use a different regularizer, namely,

the norm of the coefficients vector. In the comparison to
QP-SVR, it is evident that LP-SVR is superior in securing the
succinctness of the model representation, which is of paramount
importance in the practice of non-parametric systems identifica-
tion. It is also noteworthy that the idea of norm minimization
has recently attracted intensive interest in the emerging field of
compressive sensing [32], [33].

Featured by the more flexible regressor structure,
SVM-ARMA is capable of sculpting the different ways that
AR and MA contribute to the output of the identified dynamical
system by using the composite kernel. From the perspective of
non-parametric statistical modeling, SVM-ARMA provides
us a new avenue beyond the use of regularization term to control
the model capacity through diminishing the predefined set of
admissible functions. This is particularly useful in processing
the input data with different properties, such as hyperspectral
image [25].

On the other hand, the properties of the models obtained via
SVM-ARMA are germane to the regularization term adopted
and the corresponding optimization techniques employed. For
the purpose of controlling the complexity of the model and im-
proving the model sparsity, the norm of the coefficients vector
in the kernel expansion is used as the regularization term in the
proposed LP-SVM-ARMA approach, resulting in a linear op-
timization problem. Due to the superiority of linear program-
ming technique over quadratic programming in terms of com-
putational efficiency, LP-SVM-ARMA is more apt to be ap-
plied for modeling complex nonlinear dynamical systems. The
advantages and potential of the developed LP-SVM-ARMA
have been demonstrated in modeling an inline four cylinder en-
gine system.

The LP-SVM-ARMA model in its current format, also
referred to as series-parallel format [34], is more suitable for
prediction when the variables of interest are measurable. Its
utility can be further expanded if the model can be implemented
in the parallel format [35], where the delayed model output is
used in the autoregression term. The efficacy of the parallel
LP-SVM-ARMA model is currently under investigation, and
will be a subject of the future publication.
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