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Quiz2-SOLUTIONS

Problem 1: (35 percent)

Suppose you arein the business of producing milk. At the beginning of each hour you
select bottles of milk to be tested for purity. Two different testing procedures (A and B)
are avalable. Both procedures yield an unbiased estimate of the number of parts per
million (PPM) of a particular contaminant (e.g., lead) that might be in the milk.

However, the two procedures differ in their inherent variability and in the amount of time
that it takesto do the test.

In particular, assume that the variance of the number of parts per million of the
contaminant using method A is 100 (PPM?) while the variance for method B is 300
(PPM?). Method A takes 30 minutes per sample and method B takes only 15 minutes per
sample.

Thus, every hour we can test 6 bottles of milk: 2 usng method A and 4 using method B.

Let the observationsbe X 11, X 5, X2, x5, x B, and x B where, for example, x5

denotes the third observation made usng method B. Assume dl observations are
independent of each other.

Congder the following estimator of the actua number of parts per million in the milk in
any hour:

X=w X P +Hwi X+ waXE+wa XS +wo X B+wox B

In other words, the two observations taken using method A are each weighted by w;

while each of the 4 taken usng method B are weighted by w, . Clearly for X tobean
unbiased estimator of the population level of contaminants, we require 2w, + 4w, =1.
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a) Findvauesof w; and w, sothat thevarianceof X isminimized.
Hint: recall that thevariance of X will be given by
Var()?) = waVar (X A +w2Var (X 2|+

wavar B whver(x 5] +waver 8} wiver 3

Minimize  Var(X)=2w?2(100)+4u2 (300)
SUbJeCttO 2W1+ 4W2:1
OR subgtituti ng wy = 0.5- 2w, into the objective function

Minimize Var (x) =2(0.5- 2wp)*(100) + 4w2(300)

SO
dvar ()2) _ _
=-8(0.5- 2,)(100) + 2400w, =0
dws
SO
400
=—— =01 AND 05- 2w, =03
"2~ 4000 W= W2~

b) Usngthevauesof w; and w, that you found in part (a), whét is the variance of X ?

Var (X ) = 2w2(100) + 43 (300)
= 2(0.09)(100) + 4(0.01)(300)
=30

¢) What would be the variance of the unweighted average,

-c_1
X =gkt xprxfexgexgexg)

6
Var __{\/ar( )+Var( )+Var(xf)+Var(x ZB)+V8.F(X E)+V&I’(XE)}
= 3—16{100 +100 +300 + 300 + 300 + 300}
= 3—16{1400}
=38.8888
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d) Wha isthe percentage reduction in the variance of the estimator that results from

usng X instead of the unweighted average X ? (i.e. what is the value of the answer
to (c) minus () dl divided by (a) as a percentage?)

38888~ 30. 10096 = 29.63%

Problem 2: (35 Percent)

Suppose you are interested in determining the mean household incomein acity. To do
S0, you decide to sample 100 households randomly. Letting X; be the income of the | th
household measur ed in $1000, you obtain the following informetion.

100 100
4 X =4850 & X§=241561

=1 j=1

a) Findthe (1) sample average, the (2) sample variance and (3) sample standard
deviation of household incomes measured in $1000.

100

'a
)—( _ j=1 - 4850 - 485

100 100

.2

100 00 O

& xf-ga xjI [100
PR = S _ 241561- 4850%/100 _ 6336 _ &4

99 99 99

b) Assuming that the household incomes are from a Norma digtribution, find a two-
Sded 95% confidence interva for the true population mean household income. (Again,
report your answer in terms of $1000).

Since the data are Normdly distribute d and nislarge we can use:
< S o S
X- —E£mE X+ —
Za/2 «/ﬁ Za/z«/ﬁ
gving

48.5-1.96E £mE 48.5+1.96E
10 10

OR
46.93 £ mE 50.07
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¢) Condder thefallowing hypothess

Ho: m? 50
Hq: < 50

For what vaues of the sample average would you rgect the null hypothesisat a =0.057?

Do you rgject the null hypothesis at thislevel of Sgnificance?

: . . o S
Youwill rgect Hoif X <50- z5

NG

You doregect H gat the 0.055gnifican celeve

8
=50- 70057 =50- 1.645" 0.8=48.684

d) Suppose the true mean is $47.65 thousand dollars. What is the (gpproximate)

probability of atype Il error for the test outlined in part (c) above?

= P(X * 48.684n 47.65)

P(Type Il error ) = Pdonot reject H o|H 1 is true)

X - 47.65 , 48.684- 47.659

:pé Jn s/vn
2

= P(z3 1.293)

2

» 0.1dnce the critical vdue for 0.1is1.282
and the actual vdue is about 0.098

€) Find a90% confidence intervd for the population variance. 'Y ou might find the

following table useful.
a

d.f.] 0.995 | 0.990 | 0.975| 0.950 | 0.900 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005
951 63250| 65.898| 69.925| 73520| 77.818] 113.038| 118.752| 123.858) 129.973| 134.247
96 | 64.063| 66.730| 70.783| 74.401| 78.725| 114.131| 119.871| 125.000] 131.141| 135.433
97 | 64878 67562 71.642| 75.282| 79.633| 115.223| 120.990| 126.141] 132.309| 136.619
98 | 65.693| 68.396| 72501| 76.164| 80.541) 116.315| 122108 | 127.282] 133.476| 137.803
99 | 66510| 69.230| 73.361] 77.046| 81.449| 117.407| 123.225| 128.422] 134.641| 138.987
100) 67.328| 70.065] 74.222| 77.929| 82.358] 118.498| 124.342| 129561] 135.807 | 140.170
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(n- 1)825325 (n- 1)s?
c? c?
n—L% n-11-2

99" 64 '
go2p X 6
123.225 77.046

51.42 £52£82.24

Problem 3: (30 Per cent)

You are interested in determining whether a new spray-on coating can help skaters skate
faster in speed skating. To determine the answer, you select 10 world-class athletes.
Each athlete will skate the same course on two successive days. On one of those days
(chosen at random for each athlete), the blades will be spayed with the new materiad. On
the other day, the blades will be spayed with asmple air spray (like a placebo) so that the
athlete does not know on which day she is skating with the new coating. The dataare
shown in the table below.

Skater Without coating | With coating | Difference
Alice 145.31 144.10 1.21
Barbara 147.34 145.37 1.97
Carla 146.24 145.37 0.87
Diane 141.66 141.42 0.24
Faith 141.91 139.10 2.81
Gail 139.01 139.84 -0.83
Heather 144.29 145.68 -1.39
Joan 144.42 141.62 2.80
Keren 148.77 144.12 4.65
Tamar 143.64 139.40 4.24
TOTAL 1,442.59 1,426.02 16.57
SUM OF

SQUARED

VALUES 208,181.70 203,415.20 64.15
Average 144.26 142.60 1.66
Standard

deviation 2.889 2.623 2.019
Variance 8.345 6.878 4.077

Throughout this problem you can assume that the times are Normdlly distributed.
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a) Treat the observations of times asif they were independent samples. Test the

fallowing hypothesis using asgnificance leve of a=0.05. Assume that the underlying
variances of the times are equal.

Be sureto state clearly whether or not you reect the null hypothesis

Ho*  Mhithout coati ng £ Mhith coati ng

H1i® Mhithout coati ng > Myith coati ng

The test gatidic is

T= Xwithout~ X with

1 1
Spooled,| —+—
m n2

_(m-1)sf+(n2- )s3 9 8.345+9 6.878

where g2 = = =7.611
Spooled n+ng- 2 18
©oT = 144.26- 142.60 _ 1345

2759 | =+ 2
10 10
which has at digributi onwith 18d.f.

The critical t value with 18d.f. and a probabilit y of 0.05inthe tal is1.734

Sowe DO NOT rgject H gé the 0.05leve of sgnifican ceudng this test

b) Now perform the same test, but do not assume that the underlying variances are the
same,

Be sureto state clearly whether or not you reect the null hypothesis

wefirg caculate the new df. asfollows

8.345
=89 _ 8345
M~ 10

6.878
=957 _ 16878
w2710

n= (W1+W2)2 _ (0.8345+O.6878)2 _ 21317
W12/ (nl' 1)+ Wg(nz - 1) 0.83452/ 9+ 0.68782/9 0.130
which we round downto 17

=17.83
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The new T stistic isT =-—without” Xwith _ 144.26 - 142,60

Sithout + Siith \/—8'345 5878
N o 10 10

The critica vdue for 17 df. is1.740
Sowedill DO NOT Regect H g

=1.345

¢) Now perform the same hypothesistest treating the data as if they came from a
matched pairs design (as they do since each woman skates both with and without the
coating).

Be sureto state clearly whether or not you reect the null hypothesis

Now the T datidic is
d 1.66
= = =2.60
sg/+n  2.019/410
Since the critica vadue of the t -digributi onwith 9 d.f. and 0.05probinthe tal is1.833

weDO reject Hudang this test

T

d) Perform thefollowingtest usng a=0.10.

. 2 -2
HO- S Without coating =S with coating

. 2 1 .2
Ho* S Withoutcoating™ S withcoating

Be sureto state clearly whether or not you reect the null hypothesis

Since the critica vdue of f9,9,0.05 =3.18
Wedo NOT reject H ginthis case




