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Medical Example of the Use of Residence Time Distribution

Web Side Note:  Medical Uses of RTD  The application of RTD analysis in
biomedical engineering is being used at an increasing rate. For example,
Professor Bob Langer’s* group at MIT used RTD analysis for a novel Tay-
lor-Couette flow device for blood detoxification while Lee et al.† used an
RTD analysis to study arterial blood flow in the eye. In this later study,
sodium fluorescein was injected into the anticubical vein. The cumulative
distribution function F(t) is shown schematically in Figure 16.5.N-1. Figure
16.5N-2 shows a laser ophthalmoscope image after injection of the sodium
fluorescein. The mean residence time can be calculated for each artery to
estimate the mean circulation time (ca. 2.85 s). Changes in the retinal blood
flow may provide important decision-making information for sickle-cell
disease and retinitis pigmentosa. 

Figure 16.5.N-2 Image of eye after tracer 
injection. E. T. Lee, R. G. Rehkopf, 

J. W. Warnicki, T. Friberg, D. N. Finegold, 
and E. G. Cape, “A new method for 

assessment of changes in retinal blood flow.” 
Med. Eng. Phys. 19(2), 

125 (1997).

Figure 16.5.N-1 Cumulative RTD function 
for arterial blood flow in the eye. E. T. Lee, 
R. G. Rehkopf, J. W. Warnicki, T. Friberg, 

D. N. Finegold, and E. G. Cape, “A new 
method for assessment of changes in retinal 

blood flow.” Med. Eng. Phys. 19(2), 
125 (1997).

* G. A. Ameer, E. A. Grovender, B. Olradovic, C. L. Clooney, and R. Langer, AIChE J.
45, 633 (1999).

† E. T. Lee, R. G. Rehkopf, J. W. Warnicki, T. Friberg, D. N. Finegold, and E. G. Cape,
“A new method for assessment of changes in retinal blood flow.” Med. Eng. Phys.
19(2), 125 (1997).
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The relationship between the 

 

internal-age 

 

and 

 

external-age distribution 

 

can be
demonstrated by analyzing a continuous reactor operating at steady state that
is filled with material of volume 
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(R16.2-1)
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be the first volume of blue molecules that enter the
reactor. We want to consider what has happened to the molecules in this vol-
ume at a time 
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after being injected. Some of the molecules will already have
left the system at a time 
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while others remain. The fraction of molecules that
still remain in the system is [1 
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This is the volume of molecules that have an age between 
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Equating Equations (R16.2-1) and (R16.2-2) and dividing by 
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and by 
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gives

Then

(R16.2-3)

Differentiating Equation (R16.2-3) and noting that

gives

(R16.2-4)

 

As a brief exercise, the internal-age distribution of a perfectly mixed
CSTR will be calculated. Equation (R16.2-4) gives the RTD of the reactor,
which upon substitution into Equation (R16.2-3) gives
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(R16.2-5)

Thus the internal-age distribution of a perfectly mixed CSTR is identical to the
exit-age distribution, or RTD, because the composition of the effluent is identi-
cal to the composition of the material anywhere within the CSTR when it is
perfectly mixed.

 

Example R16.2-1 CSTR with Fresh Catalyst Feed

 

When a catalyst is decaying, fresh catalyst must be fed to a reactor to keep a con-
stant level of activity. The relation between catalyst weight, conversion, and catalyst
activity is

(RE16.2-1)

where  is the mean activity in the reactor. Determine the mean activity for
first-order decay in a CSTR.

 

Solution

 

Because there will be a distribution of times the various catalyst particles have spent
in the reactor, there will be a distribution of activities. The mean activity is the inte-
gral of the product of the fraction of the particles that have been in the reactor (i.e.,
have ages) between time 
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(RE16.2-2)

For first-order decay,

(RE16.2-3)

In a well-mixed CSTR,

(R16.2-5)

(RE16.2-4)

Where kd is the decay constant and  is the mean contact time, such that

(RE16.2-5)
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Integrating yields

(RE16.2-6)

We see that for a distribution of activities, each following first-order decay in
an ideal CSTR, the form of the mean activity is identica1to the integrated form for
second-order catalyst decay. See Problem 16-2(a). What if the catalyst decay law in
Example R16.2-1 were second order? Third order? What if the catalyst decay law fol-
lowed that of West Texas crude in Example 10–7 with tm � 10 s? What generaliza-
tions can you make?
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